In this work we study a prototype q-plate segmented tunable liquid-crystal retarder device. It shows a large modulation range (5π radians for a wavelength of 633 nm and near 2π for 1550 nm), and large clear aperture of one-inch diameter. We analyze the operation of the q-plate in terms of Jones matrices and provide different matrix decompositions useful for its analysis, including the polarization transformations, the effect of the tunable phaseshift, and the effect of quantization levels (the device is segmented in 12 angular sectors). We also show a very simple and robust optical system capable of generating all polarization states on the first order Poincaré sphere. An optical polarization rotator and a linear retarder are used in a geometry that allows the generation of all states in the zero order Poincaré sphere simply by tuning two retardance parameters. We then use this system with the qplate device to directly map an input arbitrary state of polarization to a corresponding first order vectorial beam. This optical system would be more practical for high speed and programmable generation of vector beams than other systems reported so far. Experimental results are presented.
INTRODUCTION
Optical retarder elements with azimuthal rotation of the principal axes are receiving a great deal of attention in the last years due to their ability to create cylindrically polarized vector beams, and to transfer orbital angular momentum (OAM) to light [1] . This is the case of the qplates [2, 3] or the s-plates [4] , which are half-wave retarders where the principal axis rotates with the azimuth angle. These devices can be fabricated with special liquid crystal patterns [5] [6] [7] [8] [9] , or by means of local polarization transformation of metasurfaces [10] .
These devices produce higher order cylindrically polarized vector fields with a polarization state that varies spatially with axial symmetry [11] . The two most common versions of these states are radially and azimuthally polarized light. They have been receiving a great attention because they can produce very small focal spots [12] , or generate a longitudinal electric or magnetic field component upon focalization [13] , as well as for their potential use in high-speed communication systems, where OAM and vector beams can be employed as additional degrees of freedom [14] . Such cylindrically polarized vector beams can be represented in the higher order Poincaré spheres [10, [15] [16] [17] [18] , which are generalizations of the usual standard Poincaré sphere employed to describe a beam of light with uniform state of polarization [19] . The control of the input polarization can be used to generate different paths in the generalized Poincaré sphere, as it has been demonstrated using systems with rotatable half-wave and quarter-wave retarders [20] . In combination with other optical elements displayed on spatial light modulators, such plates can be used to generate Bessel beams with spatially varying states of polarizations [21] .
In this work, we study a prototype segmented tunable q-plate device from Citizen Holdings Co [22] . This device shows a large modulation range (5π radians for λ=633 nm, 3π radians for λ=980 nm and almost 2π radians for the telecommunications wavelength of λ=1550 nm). The segmented structure (the device is segmented in 12 angular sectors) might be more suitable for lower cost production compared with the previously mentioned devices where the optical axis rotates continuously with the azimuth angle, while still providing more than 97.7% efficiency. The device has a large clear aperture of one-inch diameter. This is much larger than previously reported devices and makes this device very promising for combination with other liquidcrystal spatial light modulators (SLM), for the realization of optical elements that combine the polarization properties of the q-plate with the flexibility to create other patterns offered by SLMs.
We analyze the operation of the q-plate in terms of Jones matrices and provide different Jones matrix decompositions useful for its polarization action analysis, including the polarization transformations, and the effects of the tunable retardance. We also analyze the effects of the segmented angular sectors on the optical efficiency of the device. In addition, we examine the time response of the device as the driving voltage is changed and find some interesting effects. Experimental results are presented.
As stated previously, there is great interest in utilizing these devices to produce different channels in high-speed optical fiber multiplexing systems. In order to achieve the required modulation frequencies, it is necessary to switch the input polarization state at high speed. However, previous optical systems designed to control the input polarization state utilize rotatable retarders, which cannot be switched at such high speeds. Here, on the contrary, we demonstrate a very simple and robust optical system capable of generating all polarization states on the first order Poincaré sphere, which can be easily adapted for high speed switching. Our optical system consists of an optical polarization rotator and a linear retarder in a geometry that allows the generation of all states in the first order Poincaré sphere simply by tuning two retardance parameters that directly correspond to twice the ellipticity and twice the azimuth angles of the generated state of polarization. Our design is different from previously reported optical systems [20] because the angular positions of the elements remain fixed and the only adjustments are to the phase retardations for both retarders. In fact, electrically variable liquid crystal retarders [23] or electro-optic modulators [24] could be used to make the system fully programmable, high speed, and avoid any moving elements while obtaining Gigabit speeds. Experimental results are presented.
We organize the paper as follows: in Section 2, we briefly review the q-plate theory in terms of the Jones matrix formalism, and present some useful related matrix decompositions. Then, in Section 3 we study the characteristics of the Citizen q-plate, including its electrical tunability, operation at 632 nm, 980 nm and 1550 nm wavelengths, the efficiency of the segmented design and its time response. In Section 4 we show how the device can be used with our optical system to generate all beams in the first order Poincaré sphere. We describe the experimental system and show experimental results. Finally Section 5 includes the conclusions of the work.
REVIEW OF THE Q-PLATE THEORY
In this section we review the operation of the q-plate. We use the Jones matrix formalism and present some interesting decompositions useful for its comprehension. There are three aspects that we want to analyze in this paper related to the Citizen q-plate: retardance tunability, effect of the quantization, and its operation as an azimuthal rotator. While many of these studies have been addressed by other authors, some have not, and we feel that it would be valuable to the optical community to combine and review all of these into a single section of this work.
The q-plate consists of a phase plate retarder with retardance φ where the principal axis of the retarder follows q times the azimuthal angle θ. Therefore, its Jones matrix can be expressed as:
where (2) is the rotation matrix, and where:
Note than Eq. (1) can be rewritten as:
(4)
where I stands for the identity matrix, and is the Jones matrix for the usual q-plate with a retardance of π radians given by [3] :
Equation (4) reveals that the retardance φ acts as a tuning parameter between these two matrices, with amplitude factors cos(φ/2) and sin(φ/2) respectively. On the other hand, the matrix in Eq. (5) resembles the rotation matrix, but it is not. It can be decomposed as:
where . This relation reveals that the qplate tuned to π retardance acts as the combination of a pure polarization rotator with a rotation angle equal to 2qθ and a vertically aligned half-wave retarder. The usual case corresponds to q=1/2 and it is illustrated in Fig. 1(a) .
This is the case of our device. When the retardance is tuned to φ=π, the actuation of the matrix in Eqs. (5)- (6) transforms horizontal linear polarization onto azimuthal polarization ( Fig. 1(b) ), vertical linear polarization onto radial polarization ( Fig. 1(c) ), and input circular polarization onto the opposite circular polarization plus an azimuthal phase ( Fig. 1(d) ). 
A. Tuning the retardance and its characterization
The use of a LC material allows the retardance to be tuned through an applied voltage, and adapt it to the operating wavelength. However, this requires an appropriate retardance characterization. In standard liquid crystal retarders, this is done by placing the device between linear polarizers oriented at ±45 degrees to the LC director [25] . For qplates this is not a practical solution because of the rotation of the liquid crystal director. Instead, the retardance can be examined by generating and detecting left and right circularly polarized light (LCP and RCP). From Eq. (4) it is straightforward to derive that input RCP/LCP light (ERCP/LCP) impinging the q-plate is transformed onto the following output:
which is a linear combination of RCP and LCP light. Also, as noted by many others, the output circular component that reversed its helicity with respect to the input beam, has additionally gained a helical phase charge of . This helical phase corresponds to an orbital angular momentum (OAM) of per photon, and it is the basis of the spin-to-orbital angular momentum conversion produced by the q-plate (the spin angular momentum (SAM) related to the circular polarization states is of per photon) [1] . Equation (7) shows that the transmitted intensity of the q-plate in between circular polarizers is given by:
when the input and output polarizers have the same helicity (RCP to RCP, or LCP to LCP), where I0 indicates the input intensity on the device. In the opposite case, where the input and output circular polarizers are the opposite (RCP to LCP and LCP to RCP), the transmission is given by
In the literature [26, 27] , these expressions are characterized as similar to the Malus law, but are not derived to our knowledge, and this name is usually associated with the transmission through two linear polarizers.
B. Effect of the angular quantization of the segments
The prototype device, manufactured by Citizen Holdings Co, is composed of a number of sectors and it is useful to examine the efficiency of this design compared to a q-plate where the angle of wave plates varies continuously. This analysis can be done with the aid of a second useful decomposition that applies to the tuned q-plate Jones matrix in Eq. (5), which is obtained by applying Euler relations and ordering the elements as:
This shows that the tuned q-plate can be viewed as the combination of two circular polarizers, one transmitting LCP polarization, converting it onto RCP polarization, and adding a topological charge , plus another circular polarizer transmitting RCP polarization, converting it onto LCP polarization, and adding the topological charge . We used previously this type of decomposition to generate beams with different charges on RCP and LCP components by using a SLM [28] . This last decomposition can be used to easily analyze the effect of the quantization of the angular sectors. Note that the same theory that applied to quantized linear phase gratings and segmented spiral phase plates [29, 30] can be applied to the exponential terms in Eq. (10) . Therefore, , the Jones matrix describing the quantized version of Eq. (10) is given by:
where cn are the elements of the Fourier series of the quantized linear phase [30] . This analysis shows that higher order harmonic components raised by quantization correspond here to higher order q-plates Mnq with q values qn=nq. In addition, the conversion efficiency for a segmented device for generating RCP from LCP (or the reverse) varies as |c1| 2 =sinc 2 (π/N), where sinc(x)=sin(x)/x, and would be 97.7% for a N=12 segmented device.
Although segmented q-plates have been reported earlier [31] , the efficiency analysis of the device has been done with a scalar analysis of the power spiral spectrum [6] . This above equation represents an extension in the form of a Jones matrix spectrum of the angularly quantized q-plate. Note that an equivalent approach can be applied to a multi-elliptical core optical fiber [32] , which can be used to generate vector beams, but also showing discrete patterns, just like the segmented qplate.
EXPERIMENTS WITH THE CITIZEN Q-PLATE DEVICE
The q-plate is a prototype device from Citizen Holdings Co. [22] consisting of 12 liquid crystal segments as shown in FIg. 1(a) where the retardance of each segment can be varied using an applied voltage. The active diameter of the device is about 2.5 cm. Note that the phase decreases as the voltage increases. As described in section 2.A, the characterization of the retardance can be performed by measuring the conversion between circular polarizations. This conversion is complete when the phase of the q-plate acts as a half wave retarder.
In the experiments, light from a He-Ne laser was spatially filtered and collimated. The desired input circular polarization was generated using high quality linear polarizers and quarter-wave plates (Meadowlark Optics, models DPM-200-VIS and NQM-200-0633 respectively). The desired circular polarization state was detected using an equivalent system. The contrast ratio between cases where the desired input state was detected and when the opposite circular polarization state was detected was about 40,000/1. The transmitted light was either sent to a camera or focused onto a Newport Corp model 920 detector.
The retardance of the segments was adjusted using a 1 kHz square wave generated with a SIGLENT model SDG1025 signal generator. Figure 2(a) shows the results when LCP was incident onto the q-plate and RCP was detected. Maximum transmission is observed without applied voltage, indicating that the retardance is an odd multiple of π radians. When a voltage is applied to the device, then the LC director tilts and causes a reduction of the retardance. Results follow the expected oscillatory behavior of Eq. (9). More than two complete oscillations are observed, with the retardance decreasing towards zero as the voltage increased.
We see that the device is fabricated so that the retardance with no applied voltage is a half-wave multiple at this wavelength. The signal generator allows for precise generation of the applied voltage and we found the contrast ratio was reduced to about 400/1. This is partly due to the fact that we at SDSU did not mount the device onto a sufficiently flat surface. We believe that the contrast value could be improved by mounting the q-plate on a better flat surface. A tuning range over a retardance of 5π radians is demonstrated. We identified five voltage values: points A, C and E on Fig. 2(a) that correspond to the ideal situation, where the q-plate is tuned to half-wave retardance ( , and respectively); while B and D correspond to full-wave retardance ( and respectively). Because of interest in using these devices for telecommunications applications, we also studied the operation at 980 nm and at 1550 nm. We used a B&K diode laser for the 980 nm wavelength and a New Focus tunable laser for the 1550 nm wavelength, both with optical fiber outputs. The light from the fiber was collimated with a 10 cm lens and then focused using a similar lens onto a Newport model 8184G infrared detector. In this case, we used Glan-Thompson polarizers and Soleil-Babinet (SB) compensators to operate at these wavelengths. The SB compensators were adjusted to act as quarter-wave plates for the operating wavelength, in order to build up the circular polarization generator and detector. The corresponding experimental results are shown in Figs. 2(b) and 2(c) respectively. The retardance for 980 nm is observed to reach 3π radians without applied voltage, while it is slightly less than 2π radians for 1550 nm. Again, these results show that the q-plate device achieves conversion of LCP into RCP for these wavelengths.
The temporal response is another interesting aspect in this kind of electro-optic device [27] . We selected voltages to switch between halfwave and full-wave retardance values as designated on Fig. 3(a) . We used the red light of 633 nm wavelength. Interestingly different results were obtained when the device was driven to operate between different maxima and minima in Fig 2(a) . This was done by amplitude modulating the signal generator. The carrier square signal of 1 KHz was amplitude modulated with two levels Vhigh and Vlow, with frequency of 0.8 Hz. The signals measured on the detector are shown in Fig. 3 . Fig. 3 . Transmitted LCP to RCP conversion as functions of time as the applied voltage was amplitude modulated between selected points in Fig. 2(a) . Wavelength is of 633 nm. Figure 3(a) shows the electrical envelope signal, for comparison. In Fig. 3(b) the voltage varied between zero and 3.4 volts (point B in Fig.  2(a) ), while in Fig. 3(c) , the voltage varied between 1.8 volts and 3.4 volts (points A and B in Fig. 2(a) ). We note the large delay in the response of the liquid crystal in the first case (45 ms rise and 150 ms fall). The rise and fall times are long because of the anchoring effects where the liquid crystal molecules are aligned parallel to the alignment layers at either end of the device. As the applied voltage increases, the molecules are initially tilted and are able to respond more quickly. This is shown in the other parts of the figure. In Figs. 3(d Fig. 2(a) . The results in these figures are shown such that the central part corresponds always to the lower applied voltage Vlow. This is why the rise and fall transitions are reversed in cases 3(d) and 3(f). In the latter case, the rise and fall times were dramatically reduced to about 5 and 10 ms respectively. These results illustrate the importance of selecting the correct voltage levels when performing switching operations.
Next we discuss the generation of general vector beams on the Poincaré sphere using the q-plate and a specially designed polarization state generator.
GENERATION OF ELECTRIC FIELD VECTORS IN THE FIRST ORDER POINCARÉ SPHERE
Many proposed applications for these devices involve generation of various vector beams. In particular, the q=1/2 plate is useful for the generation of the vectorial beams in the first order Poincaré sphere. The classical zero order Poincaré sphere is a representation of the state of polarization defined in terms of the ellipticity (ε) and azimuth angles (α) (Fig. 4(a) ). In this representation, these angles define a point with latitude 2ε and longitude 2α in the classical zero order Poincaré sphere, as shown in Fig. 4(b) . The north and south poles are characterized by RCP and LCP circularly polarized light. The equator is characterized by linearly polarized light where the axis tilts as one moves longitudinally along the equator.
By contrast, first order vectorial beams are polarized beams where the state of polarization is spatially variant, with a constant ellipticity ε, but with an orientation that symmetrically rotates following the azimuth angle. These beams define the first order Poincaré sphere as shown in Fig. 4(c) [10, [15] [16] [17] [18] . The north and south poles are again characterized by RCP and LCP circularly polarized light, but with an additional azimuthal phase. The equator is characterized by ε=0 and has four cardinal points. At two opposite sides, we have the radially and azimuthally polarized beams. The other two cardinal points are characterized by spiral polarization states, where the spiral rotates in the clockwise or counterclockwise direction.
As with the zero order sphere, an arbitrary vectorial beam defines a point on the first order sphere with latitude defined by the ellipticity as 2ε, and longitude defined by 2α, where α denotes the azimuth of the state of polarization in the vertical direction. Fig. 4(c) shows the electric field patterns for these beams.
As stated earlier, many applications for these devices would require the capability to generate these beams at high speed. In a previous work [20] , the polarized beams on the Poincaré sphere were generated using a sequence of quarter (Q) and half-wave plates (H) as QHQH. In order to generate various beams on the Poincaré sphere, the angles of the two H plates had to be adjusted. However, high speed switching of the polarization states is impractical with such a system.
As many of the applications for these vector beams might involve high speed or electronic tuning, we introduce here a more programmable system that is capable of high-speed generation of the desired states without any physical manipulation.
The optical system is illustrated in Fig. 5 . It is composed of a linear polarizer oriented in the vertical direction, followed by a variable linear retarder (LR) and a variable optical rotator. The LR tunable phase axis is oriented at 45 degrees and has a retardance φ1. The variable optical rotator system consists of two quarter-wave plates (QWP) oriented at +45 and -45 degrees, with another variable LR with tunable axis in the vertical direction and retardance φ2 located between the two QWPs. The polarization rotation is equal to φ2/2 [33, 34] .
In this work, we have used two SB compensators as the variable linear retarders, but other devices like tunable liquid crystal retarders [23] could be used in order to make the system fully controlled from a computer eliminating the need for physical manipulation. High-speed operation (GHz) would be achieved by using electro-optic modulators [24] . The output beam illuminates the q-plate. A very simple way to understand the system in Fig. 5 is to consider the transformations induced on the Poincaré sphere. This is visualized on Fig. 4(b) . LR1 produces a rotation of the sphere of angle φ1 around the S2 axis. In addition, the QWP-LR2-QWP rotator system produces a rotation of the sphere of angle φ2 around the S3 axis. Since the input beam is vertically polarized, it corresponds to the point at the S1 axis. Therefore, it is direct to deduce that the ellipticity and azimuth of the generated state are given by 2ε=φ1 and 2α=φ2. Since this transformation is performed on the input beam, this rotation refers to the zero order Poincaré sphere in Fig. 4(b) . Therefore, the complete zero order Poincaré sphere can be covered by tuning the phase shifts φ1 and φ2.
Then, a device producing a pure azimuthal rotation R(-θ) would transform this input beam onto the corresponding first order vectorial beam with the same coordinates on the first order Poincaré sphere, as shown in Fig. 4(c) . Equation (6) indicates that the q-plate acts as the pure azimuthal retarder plus a half-wave retarder. Therefore, the q-plate could be converted into a pure azimuthal converter simply by adding a HWP in front of it. If this HWP is not added, the q-plate adds an extra 180 degrees rotation around the S1 axis of the first Poincaré sphere, with respect to the pure azimuthal rotator.
The experimental system is similar to that discussed earlier. Light from the He-Ne laser is spatially filtered and collimated with a 37 cm focal length lens producing a uniform intensity plane wave over the q-plate device. A high quality (Meadowlark Optics, model DPM-200-VIS) linear polarizer is oriented vertical to the laboratory framework. Then, two SB compensators are used as LR devices. We used high quality wave-plates (Meadowlark Optics) in the system, as indicated in Fig. 5 . The q-plate device was placed at the end.
We used three types of analyzers to examine the output beam: 1) a high quality linear polarizer, 2) two R and L circular polarizer sheets from Aflash Photonics (www.polarization.com), and finally, 3) a radial polarizer from Codixx (www.codixx.de). This last is a segmented polarizer with radial orientation of the transmission axis, which happens to have also 12 sectors [35] . The output beam is captured with a CCD detector. The results shown in Fig. 6 have been captured with the detector placed at a distance close to the q-plate device. In all cases, in the absence of the analyzers, the dark point in the center indicates the generation of the axial singularity.
First, the SB compensators were adjusted to zero retardance to produce the radially polarized beam out of linearly polarized input light. The corresponding experimental results are shown in the first row in Fig. 6 . Each column shows: the CCD captures without the analyzer, with the linear analyzer oriented at 0, ±45º, and 90º, and with RCP and LCP circular analyzers. The production of the radially polarized beam is verified by the presence of the dark horizontal line when the linear analyzer is oriented in the vertical direction, and by the rotation of this dark line with the analyzer. When circular analyzers are used, uniform intensity is obtained, as expected. Finally, when the radial analyzer is employed, we observe full transmission.
Then, the retardance φ2 of the SB in the optical rotator system is varied in order to produce different vectorial beams along the equator of the first order Poincaré sphere. The images in the next three rows of Fig. 6 show the experimental results corresponding to the four cardinal points, namely radial, azimuthal and the two opposite spiral beams. In all cases, the correct generation of the polarization pattern is verified by noting the orientation of the dark line when the linear analyzer is employed. The uniform intensity when the circular analyzers are employed also confirms the results. It is interesting to note the result when φ2=π and the radial polarizer is used. In this case, the azimuthal polarization is produced and it is completely cancelled by the radial polarizer. Finally, we changed the retardance of LR1 in the system and generated the vectorial beams corresponding to the poles in the first order Poincaré sphere. In this case, when φ1=π/2 is selected, RCP is produced at the input for the q-plate, which is transformed onto LCP vectorial beam (south pole of the first order Poincaré sphere). When φ1=3π/2 is selected, LCP is produced at the input for the q-plate, and it is transformed onto RCP vectorial beam (north pole of the first order Poincaré sphere). Experimental results are presented on the last two rows in Fig. 6 . Note that now the intensity is uniform when a linear analyzer is employed, independently of its orientation. On the contrary, when the RCP and LCP circular analyzers are used, one shows a complete transmission, while the other completely blocks the beam. The radial polarizer also transmits with uniform half intensity.
CONCLUSIONS
In conclusion, we have investigated a new q-plate prototype device developed by Citizen Holdings Co., and applied it for the generation of arbitrary first order vectorial beams. We have characterized several parameters including the temporal response and the retardance variation with applied voltage at wavelengths of 633 nm, 980 nm, and the telecom wavelength of 1550 nm. We have reviewed the polarization transformations introduced by the q-plate, and found interesting decompositions of the Jones matrix for the device, to easily derive aspects like the effect of the retardance mismatch, or the quantization of the number of segments. We have identified the actuation of the q-plate as the combination of a pure azimuthal rotator and a half-wave retarder, and use it to transform an input beam with a homogeneous arbitrary state of polarization on the standard zeroorder Poincaré sphere into a corresponding first-order vectorial beam onto the first order Poincaré sphere.
We demonstrate the approach using a very robust polarization state generator system consisting of a variable linear retarder oriented at 45º, and a variable optical rotator. This rotator is formed by another linear retarder placed between two QWPs. This polarization generator can produce states of polarization with arbitrary ellipticity and azimuth. The system is based on the retardance control of the two linear retarders, and no element must be rotated to achieve the full Poincaré sphere. Therefore it is very appropriate to be applied in telecommunications systems, where high speed is a requirement. In our system, we used two SB compensators as the two required linear retarders. However the system can be made fully programmable controlled from a computer using two liquid-crystal linear retarders, or with electro-optic retarders.
We believe that these results will be of interest to the community, particularly because the physical size of the device makes it compatible with programmable spatial light modulators.
